An explicit meromorphic continuation of the Minakshisundaram-Pleijel zeta function for a compact Riemann surface has been obtained by B. Randol, using the Selberg trace formula. Such zeta functions can be defined in the context of a general rank 1 symmetric space form Γ\G/K. We find, similarly, their continuation to the full complex plane.
Introduction.
Let G be a connected non-compact semisimple Lie group with finite center. We assume the split rank of G is 1. Let K ⊂ G be a maximal compact subgroup and let Γ ⊂ G be a co-compact torsion free discrete subgroup. Then X Γ def = Γ\G/K is a compact smooth manifold, referred to as a space form of X = G/K. We fix a finite-dimensional unitary representation χ of Γ and we also denote by χ the corresponding character. There is a discrete decomposition of the unitary representation π χ of G induced by χ: of the complex variable s for Re s >> 0. The purpose of this paper is to give a reasonably explicit meromorphic continuation of D Γ (. ; b, χ) to the full complex plane. For this we use the Selberg trace formula, following the method of B. Randol [14] (who considered the case G = SL (2, R) ), and we use the explicit form of the Harish-Chandra Plancherel measure of X. The main result is Theorem 4.2 which has been announced (without proof) in [19] , [21] , [22] and applied in [20] , [22] , and which simplifies and generalizes the result obtained in a preliminary version [18] of the present work. Some remarks on applications of Theorem 4.2 follow its statement.
Notation and normalization of measures.
g 0 , k 0 will denote the Lie algebras of G, K. If p 0 = {x ∈ g 0 | (x, k 0 ) = 0}, where ( , ) is the Killing form of g 0 then g 0 = k 0 +p 0 is a Cartan decomposition of g 0 . Let θ denote the corresponding Cartan involution of g 0 and of G. Extend a maximal abelian subspace a p of p 0 to a θ-stable Cartan subalgebra a of g 0 : a ∩ p o = a p . We write g, k, p, a C for the respective complexifications of g 0 , k 0 , p o , a. For Φ = Φ(g, a C ) the set of non-zero roots of (g, a C ) we choose a system of positive roots Φ + in Φ which is a p -compatible, say with respect to some lexicographic order on the dual space a * p induced by an ordered real basis of a p : If α ∈ Φ α| ap ≡ 0 and α| ap > 0, then α ∈ Φ + . Accordingly we set
(2.1)
As the split rank of G is 1 by assumption (i.e. dim a p = 1) the cardinality | + | of + is at most 2. More specifically
The choice of a basis vector H 0 of a p is normalized by β(H 0 ) = 1. Let 
for continuous compactly supported functions h, f, ψ, where dt is Lebesgue measure on R and dk is normalized Haar measure on K. Given dx we have a unique G-invariant measure dm Γ on Γ\G such that
for f ∈ C c (G). As usual one writes vol (Γ\G) = Γ\G 1 dm Γ . The Hilbert space of the induced representation π χ in (1.1) is the space of functions f in
in (2.4) the corresponding Harish-Chandra spherical function φ ν on G is given by
for x ∈ G; see [1] .
Up to local isomorphism we take G = SU (n, 1), Sp(n, 1) with n ≥ 2, SO 1 (2n, 1), SO 1 (2n + 1, 1) with n ≥ 1, or F 4(−20) .
The trace formula.
We will not need the general form of the Selberg trace formula, but only the formula that results from its application to a certain specific K-biinvariant Harish-Chandra Schwartz function h t , t > 0, on G. Up to scaling, h t is the fundamental solution of the heat equation on X = G/K. Given the normalization of measures in (2.5) one has by spherical Fourier inversion
2), with |c| replaced by |c|
Then ∃ m γ ∈ M , the centralizer of A p in K, unique up to conjugation in M such that γ is G-conjugate to m γ exp t γ H 0 ; see [16] . The following function C on Γ − {1} is therefore well-defined:
Also, as Γ is torsion free, each γ ∈ Γ − {1} can be represented uniquely as some power of a primitive element δ : γ = δ j(γ) where j(γ) ≥ 1 is an integer and δ cannot be written as γ j 1 for γ 1 ∈ Γ, j > 1 an integer. The form of the trace formula which we need, as developed by Gangolli in [3] , [4] is
where C Γ is a complete set of representatives in Γ for its conjugacy classes, n j (χ) = m πj (Γ) as defined in Section 1, with φ νj (χ) the positive definite spherical function of π j ; see (2.7), (3.1), (3.3), (3.4) .
where v j is a π j (K)-fixed unit vector in the Hilbert space of π j . As φ ν in (2.7) is determined up to the action of the Weyl group of (g 0 , a p ) on ν we normalize the choice of the ν j (χ) by
The eigenvalues λ j = λ j (χ) of Section 1 are given by
We label the π j so that π 0 = 1, the trivial representation: ν 0 (χ) = iρ; 0 = λ 0 < λ 1 < λ 2 < . . . ; lim j→∞ λ j = ∞. The multiplicity n j (χ) coincides with the multiplicity of the eigenvalue λ j . For the continuation of D Γ (. ; b, χ) which we seek in the next section the explicit form of the spherical Plancherel density |c(r)| −2 of (3.1) is required. With our normalization of measures Miatello's computation [9] , [11] of this density takes the form
for G = SU (n, 1) with the cotangent choice for n even
where P (r) is an even polynomial of degree d − 2 for G = SO 1 (2n + 1, 1), and of degree Table 1 below) and where
Note that Haar measures in [11] are subject to normalizations which differ from those given in (2.5). Given z ∈ C we define the following polynomials Π(r ; z) in r, whose coefficients will play a key role:
Thus by definition Π(r ; z) is of degree
for G = SO 1 (2n + 1, 1), and of degree
of z and in fact = n for G = SO 1 (2n + 1, 1). Table 1 . 
The Minakshisundaram-Pleijel Series.
For b > 0 we assign to the class 1 spectral data {π j , n j (χ)} j≥0 the Minakshisundaram-Pleijel series
, where λ j is given by (3.7); cf. [6] , [12] , [17] . Note that D Γ (s; b, χ) is a Dirichlet series with exponents
, and we seek an explicit meromorphic continuation of this function to the full complex plane.
The starting point is to represent our Dirichlet series in integral form in a standard way:
where for t > 0
On the other hand by the trace formula (3.5), Equation (3.1), and definition (3.7)
, apart from the cotangent case. In the cotangent case (i.e. G = SU (n, 1) with n even) we deduce the finiteness of I s r is bounded by 1 and one in fact has an estimate r csch ar ≤ Me −a|r|/2 for a > 0, using the continuity of r csch ar at 0 (whereas csch ar is not continuous at 0). The application of Fubini's theorem is therefore justified and we write the 1 st term on the right hand side of (4.6) as
) and use (3.12):
integrating by parts, where
is an entire function of s, as sech 2 ar < M e −a|r| for some M > 0 (for a > 0). That is, the integral in (4.10) converges uniformly on compact subsets of the plane. By (4.7), (4.9), (4.10) the 1 st term on the right hand side of (4.6) is (for Re s >
where a(G) = π or In place of (4.9) we have
where (recalling the estimate r csch
is an entire function of s. In place of (4.11) we have for G locally isomorphic to SU ( , 1) with even, the 1 st term on the right hand side of (4.6) written as = − 1. The final case to consider is G = SO 1 (2n+1, 1) (up to local isomorphism):
so that (by (4.7)) the 1 st term on the right hand side of (4.6) is 
.
We consider now the 2 nd term in (4.6) which can be written
We will show that T Γ (s ; b, χ) is an entire function of s. Let 
Lemma 4.1. ∃ B(b) > 0 such that
By (i), (ii), and Lemma 4.1,
We can take α = min(λ 1 , ρ 2 0 ). Lemma 4.2, which compares with Lemma 3 of Randol [14] , gives us a sense of the behavior of θ Γ (t) as t → ∞. We need also its behavior as t → 0 + , which is the content of Lemma 4 of [14] in case G = SL(2, R). In the general situation which we are considering this matter is much more delicate. In principle the result we need follows by Theorem 5.1 of [9] . That theorem and its proof contains several generalities which we need not be concerned with, since we deal only with the class 1 spectrum. The result is:
/t = 0. We can choose = 2 0 /8 where 0 > 0 is a lower bound for each t γ ∈ C Γ − {1}. For the sake of completeness and self-containedness we give a direct simpler proof of Lemma 4.3, following [9] up to a point. For Proof. By (iii) we can find an integer j 0 sufficiently large and a positive
by (iv 
. On the other hand the numbers {t γ |γ ∈ C Γ − {1}} are bounded away from zero [4] : 
Proof of Lemma
, and C(γ) ≤ M (for some M as in [9] ). For 0 < t < 1, 
is an entire function of s and where
dt is an entire function of s by Lemma 4.2, which implies that the latter integral converges uniformly on compact subsets of C. Similarly 
where θ Γ,1 is θ Γ in (4.18) with χ = 1 and where
where
Namely, observe first that for x, r > 0
), which proves the 2 nd statement in (4.21).
Divide by Γ(s) in Equation (4.6). By Theorem 4.1 and the preceding observations we obtain the following main result. 
Theorem 4.2. For
see (3.9), (3.10), (3.12), Table 1 .
) be the spectral series of (4.1). Then for G = SO 1 (2n, 1), Sp(n, 1),
The meromorphic continuation of D Γ (. ; b, χ) to C is provided therefore by Φ Γ (. ; b, χ), Φ is a simple pole; cf. [12] . Special values of these functions at any negative integer are easily computed. Similarly we can immediately compute L 0 (s; b, a) at s= any negative integer.
Since
for r > 0 formula (4.21) implies
for s ∈ R with s > 2ρ 0 . By Proposition 2.1 of [5] we see that Equation (4.25) provides a link between our Φ Γ (or Φ (n) Γ ) and Gangolli's Selberg zeta function Z Γ ( · , χ) of X Γ ; cf. [19] for precise details. This link is exploited in [20] where it is shown to lead to a factorization of Z Γ ( · , χ) in case χ = 1 and G = SU (n, 1) with n even, the cotangent case in (3.8) . However given the full generality of Theorem 4.2 we can now clearly carry out this factorization for arbitrary χ and for G = SU (n, 1) with n even -i.e. for all split rank 1 simple groups. In fact by working with the coefficients m j (b) of Π(r ; b + ρ 2 0 ) in (3.12) rather than the Miatello coefficients of P (r) in (3.9) we obtain simpler formulas than those of [18] . Theorem 4.2 can also be used to prove a Weyl asymptotic law (Gelfand's conjecture) for the class 1 spectrum {π j , n j (χ)} j≥0 :
is a constant which depends only on G; see [22] . In principle, Theorem 4.2 contains more information on the class 1 spectrum than that provided in the asymptotic law. For this one needs, for example, suitable bounds like |Φ Γ (s; 1, χ)| = O((Im s) P ) on some vertical strip. We reserve such matters for future consideration.
Meromorphic continuation of D Γ (s; χ).

A companion series to
Note that for j ≥ 1, Since
Fubini's theorem gives
On the other hand, by (3.1), (3.5), (3.7), (4.18) where we take b = 0 in (4.17), (4.18)
The Fubini argument following (4.6) is valid for b = 0 and one sees therefore that Theorem 4.1 holds for b = 0 where the phrase "the right hand side of (4.6)" is replaced by the phrase "the right hand side of (5.3)". As in Equation
(ii) preceding Lemma 4.1 we have (with 
for Re s > 0 and if θ Γ (t ; 1) is θ Γ (t) in (4.18) with b = 1 there, then θ Γ (t ; 1) = e −t θ Γ (t), as we have written θ Γ (t) for θ Γ (t) in (4.18) with b = 0. By Lemma 4.3, lim t→0 + e −t θ Γ (t)e /t = 0 =⇒ lim t→0 + θ Γ (t)e /t = 0 =⇒ Randol's main result [14] (where G = SL (2, R) ,
) is contained in particular in Theorem 5.2.
